Abstract. In a previous paper we showed that for every polarization on an abelian variety there is a dual polarization on the dual abelian variety. In this note we extend this notion of duality to families of polarized abelian varieties. As a main consequence we obtain an involution on the set of moduli spaces of polarized abelian varieties of dimension g. In particular, the moduli spaces A (d1,...,dg) and A (d1,
,dg)
.
For the proof we show that there is a canonical isomorphism of the corresponding moduli functors. Namely, for every polarized projective abelian scheme (A −→ S, λ) we define a dual abelian scheme (Â −→ S, λ δ ). HereÂ −→ S is the usual dual abelian scheme and λ δ is a polarization onÂ/S with the property (λ δ ) δ = λ. Hence it makes sense to call λ δ the dual polarization ofÂ/S. There are several possibilities to define the polarization λ δ . In section 2 we define a polarization λ D by inverting the isogeny λ : A −→Â. If λ is given by a line bundle L we define in section 4, using Mukai's Fourier functor, a relatively ample line bundleL onÂ inducing a polarization φL ofÂ. Both polarizations are defined even in the non separable case. We show that they are multiples of each other. If λ is a separable polarization of type (
2. The Dual Polarization λ δ Let π : A −→ S be an abelian scheme over a connected Noetherian scheme S. Grothendieck showed in [G] that if A/S is projective, the relative Picard functor Pic 0 A/S is represented by a projective abelian schemeπ :Â −→ S, called the dual abelian scheme. According to a theorem of Cartier and Nishi there is a canonical isomorphism A ∼ −→Â over S. We always identify A with its bidualÂ. For any a ∈ A(S) let t a : A −→ A denote the translation by a over S. Any line bundle L on A defines a homomorphism
A polarization of π : A −→ S is a homomorphism λ : A −→Â over S such that for every geometric point s of S the induced map
Obviously for any relatively ample line bundle L on A/S the homomorphism φ L is a polarization. Conversely not every polarization of A is of the form φ L . However, if λ : A −→Â is a polarization, then 2λ = φ L for some relatively ample line bundle L on A/S (see [M1] Prop 6.10, p.121).
Let λ : A −→Â be a polarization of A. Its kernel K(λ) is a commutative group scheme, finite and flat over S. According to a Lemma of Deligne (see [OT] p. 4) there is a positive integer n such that K(λ) is contained in the kernel A n := ker{n A : A −→ A} where n A denotes multiplication by n. The exponent e = e(λ) of the polarization λ is by definition the smallest such positive integer.
Proof. Since K(λ) ⊂ A e by definition of the exponent, there is a uniquely determined homomorphism λ 
•λ s = eλ s . Now eλ s being a polarization implies that λ * s M, and thus also M is ample.
A polarization λ : A −→Â is called separable if for every geometric point s : Spec(k) −→ S the characteristic of k does not divide the exponent e(λ s ) of λ s . In this case
with positive integers d 1 , . . . , d g such that d i |d i+1 and d g = e(λ s ) (see [M2] p. 294). Since the base scheme S is connected and K(λ) is an algebraic group scheme over S with 
If λ is a separable polarization of type (
) and hence does not coincide with λ if d 1 = 1. However for
, . . . ,
, d g ). So both λ and λ δ have exponent d g . Applying Theorem 2.1 to λ and λ δ we get
δ . This implies the assertion.
Applications to Moduli Spaces
Let k be an algebraically closed field and S the category of schemes of finite type over k. where A → S is a projective abelian scheme of relative dimension g over S, and λ : A →Â is a polarization of type (d 1 , . . . , d g ). Note that any such polarization λ of A is separable by the assumption on the characteristic k of S.
Recall that a coarse moduli scheme for the functor A (d 1 ,...,dg) is a scheme A (d 1 ,. ..,dg) of finite type over k admitting a morphism of functors
) is a bijection, and (2) for any morphism of functors β :
there is a morphism of schemes f :
It is well known that a uniquely determined coarse moduli scheme A (d 1 ,...,dg) exists (see [M1] ). Moreover it is clear from the definition that an isomorphism of functors induces an isomorphism of the corresponding coarse moduli schemes. This will be used to prove the following Theorem 3.1. There is a canonical isomorphism of coarse moduli schemes
Proof. By what we have said above it suffices to show that there is a canonical isomorphism of functors
. But for any S ∈ S the canonical map
has an inverse, sinceÂ = A by the biduality theorem and (λ δ ) δ = λ by Proposition 2.3. Moreover this is an isomorphism of functors, since (λ T ) δ = (λ δ ) T for any morphism T → S in S.
The Dual Polarization via The Fourier Transform
In Section 2 we defined for every polarization λ of a projective abelian scheme A/S a polarization λ D of the dual abelian schemeÂ/S. Now suppose λ = φ L for a relatively ample line bundle L on A/S. In this section we apply Mukai's Fourier transform to define a relatively ample line bundleL onÂ/S which induces a multiple of λ D .
Let π : A −→ S be a projective abelian scheme over a connected Noetherian scheme S of relative dimension g. Let P = P A denote the normalized Poincaré bundle on A × SÂ /S. Here normalized means that both (ǫ × 1Â) * P and (1 A ×ǫ) * P are trivial, where ǫ : S −→ A and ǫ : S −→Â are the zero sections. Denote by p 1 and p 2 the projections of 
In the non separable case e|d 2 by Deligne's Lemma but it is not clear to us whether e|d.
For the proof we need some preliminaries.
Lemma 4.2. Let ϕ : A −→ B be an isogeny of abelian schemes and M a WIT-sheaf on A, then ϕ * M is a WIT-sheaf of the same index on B and
Here F A and F B denote the Fourier transforms of A and B respectively.
The proof is the same as in the absolute case (see [Mu1] (3.4) ).
Lemma 4.3. Let M be a WIT-sheaf of index i on A and F a locally free sheaf on S. Then π * F ⊗ M is a WIT-sheaf of index i on A and
Proof. Using π • p 1 =π • p 2 and the projection formula we get
This implies the assertion.
Proof. The first assertion follows from Serre duality. Denote by q 1 , q 2 : A × S A → A the projections. Then
(using flat base change with π • q 2 = π • (q 2 − q 1 ) = q 2 * (q 2 − q 1 )
applying the formula ((−1) A ×φ L ) * P = (q 2 −q 1 ) * L⊗q * 
since π * π * L is a vector bundle of rank d. This implies thatL is relatively ample. Moreover
Comparing this with Theorem 2.1 gives the assertion.
